This study investigates the problem of cluster generalized outer synchronization in community networks via pinning control with two different switch periods. Several pinning controllers have been designed to achieve linear generalized outer synchronization. Using Lyapunov stability theory, sufficient linear generalized outer synchronization criteria for community networks are derived. Finally, numerical examples are presented to demonstrate the effectiveness of the theoretical results.
Introduction
Recently, complex networks have drawn increasing attention from researchers and engineers in virtue of its wide applications in many fields, such as World Wide Web, communication networks, social networks, neural networks, epidemic networks, traffic networks, etc. Lots of network models, such as weighted networks [, ] , directed networks [, ], hierarchical networks [] , community networks [-] are introduced to explore the potential applications better. As is well known, the research on network synchronization is very important due to its potential applications in many fields including secure communication, laser transmission, image identification, information science, and so on [-] . In recent years, much literature reported the research results of network synchronization, and it has become a frontier issue [-]. As a result, different types of network synchronization have been put forward, for example, complete synchronization [-], phase synchronization [, ], projective synchronization [, ] and cluster synchronization [, ] .
Furthermore, many real complex networks cannot synchronize themselves or synchronize with the desired orbits. Therefore, proper controllers should be designed to achieve the goals by adopting some control schemes, such as adaptive control [] , feedback control [] , observer-based control [] , impulsive control [] , intermittent control [-], pinning control [, ] and so on. As a matter of fact, there are many examples of relationships between different networks, which indicates that it is necessary and significant to investigate the dynamical systems between different networks. Recently, [] investigated the synchronization between two unidirectionally coupled complex networks with identical topological structures.
[] discussed the synchronization between two complex dynamical networks with non-identical topological structures via using adaptive control method.
[] discussed adaptive projective synchronization between two complex networks with time-varying coupling delay. In the above papers, it is assumed that each node in drive-response networks has identical dynamics. Later, [] studied the problem of generalized outer synchronization between two complex dynamical networks with different topologies and diverse node dynamics. Reference [] discussed the linear generalized synchronization between two complex networks with the non-delay coupling and the same topological structure, each network has identical dynamics. However, detailed analysis of the linear generalized synchronization between two networks of different topological structures and time-varying coupling delay has not been attempted in [] .
Motivated by the above discussions, this paper investigates the problem of cluster linear generalized outer synchronization (CLGOS) in community networks via pinning control with two different switch periods. Several pinning controllers have been designed to achieve linear generalized outer synchronization. Using Lyapunov stability theory, sufficient linear generalized outer synchronization criteria for community networks are derived. Finally, numerical examples are presented to demonstrate the effectiveness of the theoretical results. Contributions of this paper can be summarized as follows:
• By adding adaptive semi-periodically intermittent controllers to a small fraction of nodes in response network, several sufficient conditions are derived based on the Lyapunov stability theory and strict mathematical proofs.
• Both community networks with identical nodes and non-identical nodes are investigated. Therefore, our proposed control schemes are more applicable technically.
The rest of the current paper is organized as follows. Section  introduces the problem formulation and some necessary definitions, lemmas, and hypotheses. Some sufficient conditions for the linear generalized outer synchronization are obtained in Section . Section  gives some numerical examples to demonstrate the effectiveness of our main results.
Finally, Section  draws the conclusion.
Notation
The superscripts T and (-) stand for matrix transposition and matrix inverse, respectively; R n denotes the n-dimensional Euclidean space; I l means the l-dimensional 
Problem formulation and preliminaries
Consider the following complex networks with time-varying coupling delay consisting of N nodes and s communities with  ≤ s < Ṅ
where x i ∈ R n is the state variables of node i in networks X. f ϕi (·) : R n − → R n is a continuously differentiable nonlinear function. c is the coupling strength, and is an innercoupling matrix. τ (t) is the time-varying coupling delay satisfying  ≤τ (t) ≤ μ < . Consider the controller response complex dynamical network as follows:
where y i ∈ R n is the response state variables of node i in networks Y.f ϕi (·) :
. . , N ) are the nonlinear controllers ro be designed later, and the other parameters involved in system () all have the same meaning with the corresponding parameters in system ().
Remark . The nonlinear vector-valued functions f ϕi andf ϕi can be identical or nonidentical.
Remark . There are no limitations for the division of the clusters, the number of nodes in each cluster and the connections between nodes.
Remark . All nodes within a cluster have the same dynamics, and the dynamics of the nodes in different clusters can be different.
Remark . The proposed approach on the case with undirected topology is similar to the one that on the case with directed topology. So in this paper the underlying topology is assumed to be undirected.
Suppose that the networks () will be controlled onto some desired inhomogeneous state as {y  (t), . . . ,
cluster synchronization pattern under the pinning control.
Generalized outer synchronization between the drive-response networks are achieved if
where P and Q are constant matrices with proper dimension.
Assumption . Assuming that there are positive constants L,L such that f andf satisfy the following inequalities:
where and˜ are positive definite matrix, i = , , . . . , N . Here, x and y are time-varying vectors.
Lemma . For a diagonal matrix D
, where M l is the minor matrix of M by removing its first l ( ≤ l ≤ N ) row-column pairs, E and S are matrices with appropriate dimensions,
, where M l is the minor matrix of M by removing its first l ( ≤ l ≤ N ) row-column pairs, E and S are matrices with appropriate dimensions.
Using the Schur complement, it is easy to see that M -D <  is equivalent to M l < . We only need to prove that if
Then, using the Schur complement, we can conclude that M -D < , so the proof is finished.
Lemma . ([]) Assume that A, B are N by N Hermitian matrices. Let
α  ≥ α  ≥ · · · ≥ α N , β  ≥ β  ≥ · · · ≥ β N and γ  ≥ γ  ≥ · · · γ N
be eigenvalues of A, B and A + B, respectively. Then one has
α i + β N ≤ γ i ≤ α i + β  , i = , , . . . , N .
Main results
In this section, the CLGOS of the drive-response community networks () and () will be investigated in three cases.
Case I. Assuming that the nodes dynamics in both community networks are identical,
i.e., nonlinear vector-functions f ϕi =f ϕi = f for all  ≤ i ≤ N . Then the drive-response networks () and () can be written aṡ
In this subsection, the intermittent control with two different switched periods is con- The adaptive semi-periodically intermittent controllers are defined as follows:
whereV ϕi denotes the set of the nodes in the ϕ i th community which have direct connections to the nodes in other communities and the updating lawṡ
andk
where ε i (i ∈V ϕi ) and β are positive constants. According to the definition of the coupling matrix A, B, it is easy to see that
differentiable nonlinear function. With the aid of equations ()-(), the error systems can be rewritten as 
where
A l is the minor matrix of A by removing its first l ( ≤ l ≤ N ) row-column pairs.
Proof Construct the following Lyapunov function candidate:
where k * i are sufficiently large positive constant to be determined. We writeẽ j (θ ) = (ẽ j (θ ),ẽ j (θ ), . . . ,ẽ Nj (θ )) 
From ()-(), it is easy to see thaṫ
where e(t) = col e  (t), e  (t), . . . , e n (t) ,
.
, in which l is the minor matrix of by removing its l(l ∈V ϕi ) row-column pairs, E and S are matrices with appropriate dimensions,
It is obvious that is symmetric. According to Lemma ., we know
Lemma . and the condition (), we have λ max ( l ) ≤ κ + cλ max (A l ) < , which implies that l < . Then we obtaiṅ
with respect to time along the solution of () and using the condition in () yieldṡ
Then we havė
() From (), it is easy to see that:
Therefore, when t ∈ Case II. Assume that the nodes dynamics in both community networks are nonidentical; in view of the special property, the adaptive semi-periodically intermittent con-trollers are defined as follows: 
A l is the minor matrix of A by removing its first l ( ≤ l ≤ N ) row-column pairs.
Proof The proof is omitted here, as it is similar to that of Theorem ..
Numerical examples and simulation
In this section, two numerical examples will be provided to verify and demonstrate the effectiveness of the proposed method.
Example  Theorem . is verified. The node dynamics of the first community are chosen as the well-known Lorenz system:
and the node dynamics of the second community are chosen as the well-known Chen system:
and the node dynamics of the third community are chosen as the well-known Lv system: Example  Choosing the node dynamics as the following well-known time-delayed Chua oscillator: 
Conclusions
In this paper, we investigated the problems of CLGOS in community networks via pinning control with two different switch periods. Using Lyapunov stability theory, linear matrix inequality (LMI), sufficient CLGOS criteria for community networks are derived. Both community networks with identical nodes and non-identical nodes are investigated. Therefore, our proposed control schemes are better applicable technically. Finally, numerical examples are provided to demonstrate the effectiveness of the proposed method.
